APPROXIMATION OF THE HELFRICH'S FUNCTIONAL VIA 
DIFFUSE INTERFACES 



GIOVANNI BELLETTINI AND LUCA MUGNAI 



Abstract. We give a rigorous proof of the approximability of the so-called 
Helfrich's functional via diffuse interfaces, under a constraint on the ratio be- 
tween the bending rigidity and the Gauss-rigidity. 



1. Introduction 
Let f2 C K 3 be an open connected set with smooth boundary. Define 

W He i(E):= [ \^(H dE -H Q ) 2 + x G K dE \ dH 2 , (1.1) 

where E C ft is open, bounded and with boundary dE of class C 2 in fi; Hg E , Kq E 
are respectively the mean curvature and the Gaussian-curvature of dE (i.e. re- 
spectively the sum and the product of the two principal curvatures of dE); 7i 2 
is the 2-dimensional Hausdorff-measure; >q,, Hq, >cq are given constants. For our 
purposes it is convenient to write Wim as 



^Hci(^) = ^-rt{E)+x G x{E), 



M{E) := / (H dE -H Q ) 2 dH 2 , (1.2) 
JnndE 



where 



<K{E) := / K aE dH 2 . (1.3) 

JnndE 

The functional "Wtici was proposed by Helfrich as a surface energy for closed 
biological membranes represented by a smooth boundaryless surface (see also [HJ 
|2"5] and [5J Chapter 7]). Minimizers and critical points of 'W-nei in the class of 
subsets E C Q satisfying a constraint on the area TL 2 (f2 D dE) and on the enclosed 
volume £ 3 (E n SY), are expected to describe approximately the shape of biological 
membranes such as monolayers or lipid bilayers (see again |8J for an introduction to 
the subject). Note that the term x(E) can be neglected when minimizing "Wnoi(E) 
under a topological constraint on E, since by the Gauss-Bonnet theorem it reduces 
to a constant depending on the fixed topology. On the other hand %. plays an 
essential role in several recent related models (see e.g. [3l[6l[2]). 

The constant > is called the bending rigidity. The constant H is called the 
spontaneous curvature. It is expected to be non zero when dealing with biological 
membranes such as bilayers with chemically different interior and exterior layers, 
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or when different enviroments inside and outside the membrane are source of asym- 
metry. Observe that, when Hq ^= 0, the functional "H depends on the orientation of 
dE (and not only on the geometry of dE as in the case Hq = 0) . The constant 
is called the Gauss-rigidity. Although few experimental measurements for kq are 
presently available, it is expected to be negative (see [42], [40], [371 Section 4.5.9], 
[8j Section 7.2]). Moreover, at least in case of some monolayers (see (42] [40]), x;, 
and xg satisfy 

_l<f*< . (1.4) 

In this paper we are concerned with the variational approximation of "W^ch under 
condition (|1.4|) and with Hq = 0; in Section [9] we briefly discuss how to relax these 
two constraints. In this respect we note that, for any given Hq € K, a condition 
ensuring compactness and lower semicontinuity of Wnei in a reasonable topology 
(see Theorem 13.21 and Remark |3.4[) is the existence of two positive numbers c and 
A such that 

y {H dE - Hq) 2 + xqKqe > c \B aE \ 2 - A, 

where ~BdE denotes the second fundamental form of dE. Such a condition is equiv- 
alent to the constraint —2 < hq/ Kb < (see Section l9~Tj) . which is trivially satisfied 
when (|1.4p holds. 

Recently several authors have used diffuse interfaces approximations in order to 
develop efficient numerical simulations for a number of models involving WhoI (e.g. 
see[71[ia[Il[lT][ll[51[2ni[ini[ni[Il[21[lS])- Analytical results have been carried 
on, mainly by means of formal asymptotics, in [231 [XH1 [XHl HS] ■ Most of the papers 
cited above concentrate on the approximation of the term H which (up to minor 
modifications) takes the form 

54(u):=iy (e^u-^^--e\^u\R^ dx, (1.5) 

where e > is a small parameter related to the width of the diffuse interface, 
and W E C 2 (R) is a double- well potential with two equal minima (from now on, 
throughout the paper, we will make the choice W(s) := (1 — s 2 ) 2 /4). Actually, in 
the case Hq = 0, it was firstly conjectured in [14] that functionals similar to (|1.5j) 
T-converge to uTi as e — > + , where a is a suitable positive constant. 

At least in the case Hq = 0, the choice of the sequence in (|1.5p can be heuristically 
motivated with the fact that Ti. e represents a kind of (rescaled) squared " L 2 - 
gradient" of the functional <2 S defined as 

<e e {u) := ^ (||Vw| 2 + dx, XueH 1 ^), 

and 2> £ (it) := +oo elsewhere in L 1 (il). This, together with the well known results 
that t e approximate the perimeter functional as e — > + (see [321 IS]), and that the 
"L 2 -gradient" of the perimeter is formally given by the mean curvature operator, 
furnishes a (very) heuristic justification for the choice of tt e . 

The aim of this paper is twofold: we want to propose a diffuse interface ap- 
proximation of X which slightly differs from those proposed until now (see [22[ [20] 
and Remark 12 . 5|) . Moreover, we want to prove a rigorous convergence result for 
our approximating sequence within the framework of T-convergence, under the as- 
sumptions that Hq = 0, and provided the parameters x&, kg satisfy (|1.4|) . 
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In order to define the approximating functionals we need some notation. For 
every u £ C 2 (0) we define the vector field v u E L°°(0) by v u := Vu/|Vu| whenever 
Vu =^ and v u := e on {Vu = 0}, where e is an arbitrary unit vector (to fix the 
notation from now on we will choose e = e3, e3 being the third element of the 
canonical basis of K 3 ). Then, denoting by | • | the norm of a matrix as defined in 
(|2.1|) . we propose to approximate x with the functionals defined as 



1 

1 

e j Ll 



n 



eAi 



W'{u) 



^2 W'{U) 

ev ii v u <8> Vu 



dx 



l<i<j<3 



det 



eV 2 u 



W'{u) 



V u ® V u 



dx, 



(1.6) 



when u € C 2 (Q) and +oo elsewhere in L 1 (17), where, for a 3 x 3-matrix M, Mij 
stands for its ij-th principal minor. Eventually, as an approximation of W'Helj if 
is as in (|1.5j) with Ho = 0, we consider 



<H> £ (u) 



-y{ e (u) + >c G <Kz{u) 



Kb + KG 

2s 



tr sV z u 



W'(u) 



v u ® v u 



2e 



eVV 



W'(u) 



(1.7) 

2 ^1 



v u <8> v u 



dx. 



We can roughly summarize our main results as follows. Suppose that (jl.4p holds, 
that H = 0, and let {u £ } £ C C 2 (S1) satisfy 

(1.8) 



sup <P £ (u £ ) < +oo, 

0<£<1 



sup W £ (u £ ) < +oo. 

0<e<l 



Then 

( Compactness, see Theorems 14.11 and I4.4[) . Up to a (not relabelled) subsequence, 
there exists a function u — 2\e - 1 € BV(il, {—1, 1}) such that lim e ^ + u £ — u in 
L 1 (O) . Furthermore, the measures associated with the density of the functionals 
$ £ (u £ ) (see (|2.14jl ) concentrate, as s — > + , on a generalized surface .M D Q<~)dE, for 
which a weak notion of second fundamental form is defined. Actually, for almost 
every s G (—1, 1) the oriented varifolds associated with the level sets {u £ = s} 
converge to the same limit. 



(Lower bound, see Theorem 14. 1[) . The liminf e ^ + We(we) is bounded from below 
by a suitable positive constant cq times the value of (a suitable extension of) WHei 
evaluated on M . In particular if E has C 2 -boundary in Q, we have 

(1.9) 



liminf W e (u e ) > co«>Hel(-E0< 



( Upper bound, see Theorem 



For every bounded open set E C O with C 2 



u £ -> 2xe - 1 

By the L 1 (0)-lower semicon- 
we can conclude that if the bounded set E has 



boundary there exists a sequence {u £ } £ C C 2 (f2) such that lim e 
in L^O), and lim e _, + ^e(u £ ) = c W Hc i(E). 

{T(L l )-Limit on smooth points, see Corollary 
tinuity of WhcI (see Theorem [1 
C 2 -boundary in fi, then 

T(L X ) - lim W £ (u) = co^Hel(^)- 

As we already said, in [55J HO] slightly different approximations of the Gauss- 
ian curvature have been proposed and used in numerical experiments to retrieve 
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topological informations for the diffuse interface. The functional %s in (|1.6|) might 
have some advantages, at least from the analytical point of view. Firstly <W e can be 
expressed in terms of the trace and the norm of eV 2 u — — ^ v u ® u u , and for every 

x e Q such that Vu(xq) ^ 0, the matrix eV 2 u(xo) — — ^ xa ^ v u (xo) ® v u ( x o) has 
an explicit relation with the second fundamental form of the level line {u = u(xq)} 
times |Vu(a;o)| (see (|5.8|l ). Secondly, if (|1.4p is satisfied, from (|1.8p we can derive 
the bound 



1 

sup - 

0<£<1 £ 



n , W'CUe) 

eV u £ v Ue <g> v u 



dx < 



From this latter relation we can deduce two rather interesting further properties. 
The first is that, as already stated above, the energy measures \i Uc concentrate on 
a generalized surface with second fundamental form in L 2 (namely a Hutchinson's 
curvature varifold, see Lemmata 15.11 and I5.3|) . As a consequence we get better 
regularity for the limit of the /j, Ue with respect to the case when only a uniform 
bound on ?( E (u E ) is available; indeed, under this latter uniform bound, the mea- 
sures /x Ue concentrate on a rectifiable integral Allard's varifold with squared inte- 
grable generalized mean curvature (see [38l|45], and Appendix [Bl for the definitions 
of varifold and curvature varifold). The second property is an improved conver- 
gence to zero of the discrepancies £J e defined in (|2.16p . In fact, we obtain that 
lim £ ^ 0+ ||||Vu £ | 2 - ^^■\\ L p(a) = 0, for every p £ [1,3/2) (see Proposition 
Let us stress that the improved convergence of the discrepancies may indicate a 
good behaviour of W e in numerical experiments. Indeed, given {u e } £ C C 2 (fl) such 
that lim £ ^ + u e = 2 X e - 1 in L 1 ^), the condition ||Vu £ | 2 - = 0(e) is 

one of the characteristics for a sequence to be a "good" recovery sequence (like, for 
example, the one constructed in Theorem 14. 2[) . In other words, one of the prop- 
erties that suggests a "good" convergence to the sharp interface functional is that 
||Vu e | 2 — vanishes rapidly enough as e — > + . In numerical applications, a 

penalizing term of the form ||||Vw e | 2 — " lli,p(n) ^ s °ften added to the diffuse 
interface functional to force such a "fast" decay of |£^J. 

Let us conclude by remarking the fact that, although an approximation via 
diffuse interfaces seems to be reasonable for numerical purposes, our result does 
not establish any physical derivation of the Helfrich's energy as a mesoscale limit, 
as for example it has been recently done in [55] , 

The paper is organized as follows. In Section [2] we fix some notation, recall some 
basic definitions from differential geometry and briefly comment on the definition 
of W e , as well as on the relation of with [551 HO] ■ In Section [3] we summarize 
the main results proved in |38j . that represent one of the pillars on which our 
paper rests. In Section [3] we state our main results. The proofs are postponed to 
Sections [5][8] In Section [9] we collect some additional results, and we show how the 
assumptions on the parameters ttf,, kq, can be weakened; we briefly discuss the 
possibility of proving a full T-convergence result and the problems arising in the 
case Hq ^ 0. Eventually in Appendices [AlBl we collect some definitions and results 
on measure-function pairs and geometric measure theory, needed in the proofs of 
the main results. 



2. Notation 
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2.1. Linear algebra. We endow the space of the (3 x 3) matrices M = {mi 



ijk 

3 



5x3 (resp. 3 3 tensors T = (Ujk) € R 3 ) with the norm 



\M\ 2 := tr(M T M) = ]T (m (i ) 2 resp. |T| 2 := £ (t ijfc ) 2 , (2.1) 

*>3=1 \ i,J,fe=l / 

where Af T is the transposed of M. 

If M € R 3x3 is symmetric, = (o«) G 0(3) and P> = diag(dn, d 2 2, fife) are 
such that M = T DO, then \M\ 2 = tr(0 T D 2 0) = E/LiWz) 2 ELiK) 2 = 
Ym=i(^u) 2 - Moreover, still for a symmetric matrix M € R 3x3 , we have 
\ [(tr(M)) 2 -tr(M T Af)] = ^ Kj<j<3 det(M. y ), where My is the ij-principal mi- 
nor of M. 

Remark 2.1. If P 6 R 3x3 is a (symmetric) orthogonal projection matrix onto 
some subspace of R 3 and M is symmetric, then 

\P T MP\ 2 < \M\ 2 . (2.2) 

Indeed 



j=i i=i \fc=i // j=i 



a) 8 



(2.3) 



where the column vector (MP)^' S R 3 has components 
(Efe=i TO ifePfci:Efe=i TO 2fePfci,Efc=i m 3fc? l fe J ), and | • | on the right hand side 



of (|2.3p is the euclidean norm of a vector. Since P is an orthogonal projection we 
have 

3 3/3 \ 2 3 

\p t mp\ 2 < Y,\(mp) U) \ 2 = £ £m ifcPfcj = £ |(M) (l) P 

where = (ma, rrii2, mii) & R 3 . Using again the fact that P is a projection 

we have 

\P T MP\ 2 < J2 ((M) (i) ) 2 = EE to*)" - l^l 2 - 

i— 1 z— 1 j*=l 

By G*2,3 (resp. G§ 3 ) we denote the Grassmannian of the unoriented 2-planes in 
R 3 (resp. the Grassmannian of the oriented 2-planes in IR 3 ). 

We denote by q the standard 2-fold covering map q : GS> 3 — * G2.3- We often 
identify G° 3 with the set of simple unit 2-vectors r £ A2(R 3 ). Moreover 

*: A^R 3 ) -> A 2 (R 3 ) 

denotes the Hodge operator. Often vectors and covectors will be identified. For 
every r G G° 3 we define j/ r e M 3 ~ A 1 (R 3 ) as the unique unit vector such that 
-kv T = T. 

We endow 62,3 with the distance induced by the norm where S is the matrix 
associated with the orthogonal projection of R 3 onto S £ ^2,3. Moreover, for every 
open set f2 C R 3 we let 62(0) := x 6*2,3, endowed with the product distance. 

In the same way, we endow GJJ 3 with the distance induced by |r|, where r is 
the simple unit 2- vector associated with r 6 G° 3 . Moreover, for every open set 
SI C I 3 we let G^tfl) := x G° 3 , endowed with the product distance. Finally, we 
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let § 2 := {£ £ M 3 : |£| = 1}, and we denote by A the symmetric difference between 
sets. 

2.2. Differential Geometry. Let E be a smooth, compact oriented surface with- 
out boundary embedded in I 3 . If x £ E, we denote by Ps(x) the orthogonal 
projection onto the tangent plane T X T, to E at x. Often we identify the linear oper- 
ator Ps(a;) with the symmetric (3 x 3)-matrix Id — v x ® v x where x — ► v x £ (T^E)^ 
is a smooth unit covector field orthogonal to T X T*. 

Let us recall that, when E is given as a level surface {v = t} of a smooth function 
v such that Vw ^ on {v = t}, we can take at x £ {v = t] 

Vv(x) _, . , TJ Vt)(s)®V»(i) 

v x = , P s (x)=Id — . 

|Vv(x)| |Vv(a;j| z 

The second fundamental form of E has the expression 

, .. V 2 v \ Vv 
Be = P4 -—P 



where P^ = (Ps) T - The definition of Bj depends only on E and not on the 
particular choice of the function v. Moreover Bs(i), if restricted to T X E and 
considered as a bilinear map from T X E X T X Y* with values in (T X S) , coincides with 
the usual notion of second fundamental form. By 

H s (.t) = (H 1 (x),H 2 (x),H 3 (x))=tr(pT^-Pv 

we denote the mean curvature vector of E at x £ E. We define the (scalar) mean 
curvature of E at x with respect to v x as 

Hs(x) := H E (x) • 2/ x . 

Notice that Hj docs not depend on the choice of v, while the sign of Hy, does. 
Observe also that Ps is the sum of the two principal curvatures of E: sometimes 
Pe is also referred to as the total curvature. When E = dE, where E C M 3 
is open and bounded, we define vqe to be the interior normal to dE = E and 
Hqe '.= ~H.dE • vqe, which turns out to positive on convex surfaces. 
Let us also define A^(x) := (Afj k (x))i<ij,k<3 £ as 

Af jk = SfP^k on E, (2.4) 

where Sf : /'y,.,-f. 

To better understand definition (|2.4| . it is useful to recall the links netween Bs 
and A 11 (see [31] Proposition 2.3]). 

Proposition 2.2. Set A = A s , B = B s and H = H s . For i,j,k £ {1,2,3} the 
following relations hold: 

B*=P jt A lkll (2.5) 

A ijk =B*+Bj k , (2.6) 

H i =A jij + (2.7) 

The next proposition shows some of the relations between the curvatures of E 
and the derivatives of the signed distance function from E itself. 
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Proposition 2.3. Let E be a bounded open subset o/R 3 with C 2 -boundary. Then 
there exists an open neighborhood U of dE such that, denoting by d : U — ► R the 
signed distance from, dE positive inside E, we have d G C 2 (U) and, for y £U and 
n(y) := y — d(y)\7d(y) G dE the unique orthogonal projection point of y on dE, 

Ad(y) = H dE (7r(y)) + o(d(y)) (2.8) 
]T det([V 2 d(y)] y ) = K dE (n(y))+o(d(y)), (2.9) 

l<i<J<3 

where o(t) — > as t — ► 0. 

Proof. It is well known (see for example [37]) that d is of class C 2 in a suitable 
tubular neighborhood U of dE where tt is single valued, and moreover that, for 
every y £ U, the eigenvalues of V 2 <i(y) are 

l-%)fci(7r(y)) 1 - d(y)k 2 {ir{y)) 

where fci (x) , (x) are the principal curvatures of dE at x. Then (|2.8[) follows, and 

(tr(v 2 %))) 2 -|vMy)l 2 



det ([V 2 d(j/)]i 



1<»<J<3 



=A 1 (y)A 2 (y) = K aB (7r(y))+ (d(y)). 



□ 



2.3. The Helfrich's Functional "JVhcI- Throughout the paper f2 C R 3 is an open 
connected set with smooth boundary (£1 — R 3 is allowed). If £ C t 3 , \e is the 
characteristic function of E equal to 1 on E and elsewhere. Let E C fl be an open 
set. We say that E has C fe -boundary in Q (k g N U {oo}) if for every x G fl n <9-E 
the set f2n<9i? can be written, locally around x, as the graph of a C k function, and 
n E is locally the subgraph of the same function. 

By assumption (|1.4[) it follows that is a positive real number. We set 

I 2 := (Ho) 2 ^ * b - KG y (2.10) 
We claim that, whenever E is bounded with smooth boundary in O, then 

<n>Hel{E) > -i 2 n 2 (nndE). 

To prove the claim, write 

WHcl(£) 



dft 2 



/nnaE 

If a := zz±zg > o, p : = ^ fa # , and 7 := x 6 ^flf., since ai 2 + /?< + 7 > ft 2 - ; 2 for 
any R and ^ 2 = — 7, we have the inequality 



^Hcl(£)> / 
A2r 



— |B aE | H (iiOBj -« 



dH 2 . (2.11) 

InndE 

Thanks to (|1.4[) . the first two addenda inside the integral on the right hand side of 
(|2.11j) are nonnegative, hence the claim follows. 
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2.4. Definitions of B «> K% /S, B S and We set 

1 



VK(r): =i (l-r 2 ) 2 , re 



and 



c := J y/2W(s) ds. (2.12) 
If 7 (s) := tanh(s) we have 7 = j-(W(7)), 



/ l7| 2 ^= / 

«/ R JR 



2W( 7 ) ds = c , 



and 



c = min|y — h W(v)^ ds : v € Hi oc (R), lim u(s) = ±l| . (2.13) 

For u £ C 2 (Q) and £ 3 the Lebesgue measure in R 3 , we define the following Radon 
measures: 

^=f||V U | 2 + «Wo, (2.14) 



v 2' 1 e 

^ : = £ \Vu\ 2 C 3 \_n, (2.15) 

G==(||V«| a -^)£»Ln, (2.16) 

where L is the restriction. £J is usually called discrepancy measure, while [f u is 
the density of the Allen-Cahn functional V s . With a small abuse of notation, 
when necessary we still denote by £J the density of the discrepancy measure, i.e., 
C = §|V«| 2 -^. Note that 

V£ = eV 2 uVu - ^Vu. (2.17) 



^,5)=^) := -^-— V£(x), (2.18) 



For u e C 2 (ft) define i?£ : G 2 (fi) -» R 3 as 

1 

e|V«(a;)| 2 

with the convention that R e u := on the set {Vu = 0}. 

Let u e C 2 (S1). We will often look at geometric properties of the ensemble of 
the level sets of u. We define 
Vu 

v u := |^-| , P u := Id - ^ u ® i/ U) f»g = % - {v u )i(v u )j, (2.19) 

on {Vw 0} and z^ M := e3, P u := Id — e3 ® e3 on {Vu = 0}. Moreover we define 
the second fundamental form of the ensemble of the level sets of u by 

B tt = l J ,_ , ®* u , (2.20) 

on {Vw 7^ 0} and B„ := <g) 3 e 3 on {Vu = 0}. Similarly we define 

^ jk --=-Pu[dl((^)Mk)], (2.21) 
on {Vu ^ 0} and A u := <g) 3 e 3 on {Vu = 0}. 
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It will be convenient to consider B u and A u as defined on (?2(0) (resp. on G^fi)) 
by B u (x,S) := B„(a;), A u (x, S) := A u (x) (resp. B u (x,t) := B u (x), A u (x,t) := 
A»(a:) ). 

By Ki (resp. V^ 1 ) we denote the varifold (resp. oriented varifold) 



Vm = c 1 J ^(x,P u ) dfc V0 e c?(G a (n)), (2.22) 
K°' £ (0) = Co 1 / 0(cw) d/£ e C?(G§(n)), (2.23) 



see Appendix IB1 
We also set 



/S:= e A„-2^. (2.24, 



Definition 2.4. Let u S C 2 (fi) and x S f2. We define 



' ' eV^s) - W '^ U ^K u (x) ® i/„(z) ) if Vu(x) ^ 0, 



B^) := < e|V«(a:)| 

^ otherwise, 

(2.25) 

ifVw(x) ^°' (2.26) 
otherwise. 

We can informally think of B e u ® v u and H^v u as the approximate second fun- 
damental form and the approximate mean curvature vector of the level sets of u, 
respectively. 

Note that 

Vw 

Rl=Bl— - on{Vu^0}. 
|Vw| 

2.5. The functionals W £ . We recall that our approximating sequences of func- 
tionals is defined in (|1.7|) , where , jq are as in (|1.5p , (|1.6p . 
Observe that 



with equality if £ 3 ({/^ ^ 0} H {Vu = 0}) = 0, and 



/ \B^dK<- f 
Jo, £ Jn 



„2 W'(u) 2 
ev u v u (g) v u 



dx, 



with equality if 



£ ;i ( { eW 2 u - ^-^-v u ®is u ^0} D {Vu = 0} ) = 0. 



Moreover 

re"\2 _ I re 12 
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where [B^]- is the ij-th principal minor of B e ul and 



det (^)=i^p[(^ 



W'{u) (diuf 
e |Vu| 2 



ed jjU ■ 



W'{u) {djuf 
e |Vu| 2 



edlu 



W'{u) diudjU 
~~e WW 



(2.27) 



Remark 2.5. Let us notice that 

(H^f - \Btf _ (/;) 2 - tr[( £ V 2 u - \W'(u) Vu ® i, M ) 2 ] 



1 



2e 2 |Vu| : 



2e 2 |Vu| 2 

(j^) 2 - tr[e 2 (V 2 u) 2 - 2LT»V 2 u ^ u ® v u + 



(W(u)) 2 



'« w fu 



_e 2 {(Au) 2 - tr[(V 2 u) 2 ]} - 2W'(u)(Au - d^u) 
~ 2e 2 |Vu| 2 

= 2£2 ^ M p [e 2 div(AuVu - V 2 uVu) - 2W'(u)tr [(Id - v u )\7 2 u)] }, 
where we used 

div(V 2 uVu) = tr[(V 2 u) 2 ] + Vu • V(A«). 

Suppose that fl CC R 3 is open, and u £ C 2 (fl) verifies Vu = on \ fi', for some 
Q' CC f2. By Sard's Lemma we can find a sequence of tk € R + such that tfc — > 
as k —>■ oo, and, setting TVfc := {|Vu| > ^} we have 

diVfc C {|Vu| = tk} is a smooth, embedded surface, 



lim C A {Vu^0}\iV fc =0. 

k— *oo 



Thus we have 



/ div(AuVu - V 2 uVu) dx 

J{Vu^0} 



lim 

fc — >oc 



: lim 

k — *oo 



/ div(AuVu - V 2 uVu) dx 
/ (AuVu - V 2 uVu) • vgm 

JdNu 



< lim \\u\\ C 2H 2 {dN k )t k = 0. 



Hence 



1 

Ye 



2 

{Vu^O} 



(e 2 div(AuVu - V 2 uVu) - 2W'{u) tr [(Id - u u ® ^ u )V 2 u)] 

{Vw#0} e 



f/.j; 



tr |P"V 2 ul dx. 



When u e (x) = r y E (d(x)) + g e (%), where j e is as in Section [5] and g £ € C 2 (f2) is such 
that ||5 £ ||c 2 (n) = O(e), this formula coincides (up to an error of order 0(e)) with 
the one proposed in [20 in order to approximate x ■ 
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3. Preliminary known results 

In this section we recall some recent results about a modified conjecture of De 
Giorgi concerning the variational approximation of the Willmore functional (see 
|14j). More precisely, the so-called T — limsup inequality has been proved in [5] 
in any dimension on smooth boundaries; in [4] the T — liminf inequality has been 
proved in any dimension, under a rather strong ansatz on the u £ (namely u e — v £ (d), 
where d is the signed distance from the boundary of the limit set). An ansatz- free 
proof of the T — lim inf inequality has been given in dimension 2 and 3 in [38| , and 
independently, but only in two-dimensions, in [45] (by means of a different proof 
which makes use of generalized varifolds introduced in [34] ) . 

The following theorem has been proved in [38] and is one of the key ingredients 
in the proofs of our results. 

Theorem 3.1. Let {u E } C C 2 (fi) be a sequence such that 

2 ~1 



sup \f + l f 

o<s<i [ £ Jn 



eAu e dx ) < +oo. 



Then there exists a subsequence (still denoted by {u £ }) converging to u — 2\e — 1 
in L 1 (r2), where E is a finite perimeter set. Moreover 

(A) — ji as e — ► + weakly* in VL as Radon measures and fi verifies 

fi > coH 2 LdE. 

In addition 

lim |=0 as Radon measures, (3-1) 
where |£^J denotes the total variation of the measure ^ , and hence 
u= lim uf, = lim uf, = lim — ^£ 3 L£1 as Radon measures. (3.2) 

(B) The sequence {V^f e } converges in the varifolds sense to an integral-rectifiable 
varifold V G IV 2 (£7) with generalized mean curvature Hy G L 2 ^) & n d such 
that fly = Cq V- 

(C) For any Y G C£(0;R™) we have 

c lim SVl(Y) = lim - f flVu e -Y dx = - f H v -Yd^, (3.3) 
and 

c J \H_v\ 2 d/j, v < liminf J J (^:Au e - W ^ \ dx. (3.4) 

An important point in order to establish the r(L 1 (fi))-convergence of n> e to WHel 
is the lower-semicontinuity of WhcI on smooth sets. This is the aim of the following 
theorem, which is a consequence of [16, Theorem 5.1]. 

Theorem 3.2. Let Ho G K and suppose that (|1.4[) holds. Let E C fi be a bounded 
open set with smooth boundary in fl. Let {Eh} be a sequence of bounded open 
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subsets of ft with smooth boundary in ft, such that 



sup H 2 (ft n dE h ) < +00, (3.5) 

heN 

lim £ 3 (ft n (E h AE)) = 0. (3.6) 

h— >oo 



«WW < liminf ^Hei(^)- (3.7) 

ft — >oo 



Then 



Remark 3.3. Theorem 13.21 holds under the weaker assumption —2 < Kc/xb < 0. 

Remark 3.4. The bound (|3.5[) is necessary in order to gain sufficient compactness 
on the sequence {dEh}, since the bound sup^ W-a e i(Eh) < +00 alone does not imply 
any uniform control on the area of dEh- This is seen with the following example: 
ft = M 3 , Hq = 2, Eh the union, over n <E {1, . . . , /i}, of the balls of radius 1 and 
centered at (2n, 0, 0), so that Wn e i(Eh) — ^ 2 >c G h < 0. 

4. Statements of the main results 

We can now state our T-convergence results. 

Theorem 4.1 (Equicoercivity and T- liminf inequality). Let Hq = and suppose 
that (HU) holds. Let {u e } C C 2 (ft) be a sequence satisfying (|1.8|) . JTien i/iere 
exists a (not relabelled) subsequence satisfying the theses of Theorem \3.1\ More- 
over, the varifold V in Theorem \3.1\ is a curvature varifold with generalized second 
fundamental form By in L 2 (see Definition \B.3\) . and 

]im(Vl,A u °) = (V,A v ) (4.1) 

as measure-function pairs on (?2(ft) with values in R 3 . Eventually 

liminf W e (u e )>c f [^|HvH 2 + ^(|H y | 2 -|B y | 2 )l dV. (4.2) 

Theorem 4.2 (T-limsup inequality). Let Hq = and E C ft be a bounded open set 
with boundary of class C 2 . Then there exists a sequence {u £ } C C 2 (ft) such that 

lim u e = 2 X e - 1 in L 1 (ft), (4.3) 

e-»0+ 

lim + [i e u ^ — c H 2 \—dE as Radon measures, (4.4) 

lim W E (u e ) = c W Hc i(E). (4.5) 

£^0+ 

As a consequence of Theorems 14.21 14.11 and 13.21 we obtain the following 

Corollary 4.3 (r-limit on smooth sets). Let H = and suppose that (|1.4|) holds. 
Let E C ft be a bounded open set with boundary of class C 2 . Then 



T(L 1 (ft)) - lim <W e 



(2 XE ~ 1) = Co^Hel(^). (4.6) 



Next theorem shows that actually from the hypotheses of Theorem 14.11 we can 
prove a stronger compactness result, since the oriented varifold (see Appendix |B|) 
associated with almost every level line converge to the same limit. 

Theorem 4.4 (Enhanced compactness). Let Hq = and suppose that (|1.4jl holds. 
Let {u £ } C C 2 (ft) be a sequence satisfying (|1.8| . Then there exists a (not relabelled) 
subsequence such that 
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(A) the sequence {V® ,£ } converges in the sense of oriented varifolds to an ori- 
ented varifold V° G IV^O) such that q$V = V, where V G IV 2 (f2) is as 
in Theorem ^. 1\ 

(B) For every ip G C*(fi x § 2 ) the sequence {gf} C ^^((-l, 1)), defined by 

9t(s):= f 1>(V,1>*M) e\Vu £ {y)\dU 2 {y), 

J {u e =s} 

converges strongly in 1, 1)) to the function g^(s) 

y/ '2W (s)V° (ip) . Moreover, for ^-almost every s G [—1, 1] we have 

(4.7) 



lim v ({u e = s},-ki/ Ue ,e\Vu e \) = lim v \{u £ — s},*v u y/2W(s) 

E — 0+ 6^0+ V 



= ^/2W(s)V° 

as oriented varifolds in Q. 

Remark 4.5. We can adapt the proof of Theorem 14.41 to show that, under the 
weaker assumption that the hypothesis of Theorem 13 . 1 1 hold . the sequence gf con- 
verges strongly to g^ in W l( ) c ((— 1, 1)) as e — > + for every ip G C^(Q). 

The next proposition shows that a stronger convergence to zero of the discrep- 
ancies £J e defined in (|2.16[) holds, assuming the bounds in (|1.8p . Similar estimates 
have been obtained in [35] , when u £ is a local minimizer for <B e . 

Proposition 4.6 (Improved convergence of the discrepancies). Suppose that 
{u £ } C C 2 (fl) is such that (|1.8[) holds. Then there exists a (not relabelled) sub- 
sequence such that 

£ 3 — 1 as Radon measures on f2, (4-8) 
lim ||^J| L p ( o) = for every pe [1,3/2). (4.9) 

5. Proof of Theorem 14.11 

The present section is organized as follows. We start by proving two technical 
lemmata, namely Lemma 15.11 and Lemma 15.31 Then in Section 15.11 we prove that 
V := lim^o is a curvature varifold with generalized second fundamental form 
in L 2 , we show (|4.1j) and inequality (|4.2|) . 



Lemma 5.1. Suppose that {u £ } C C 2 (fl) is such that 

dx) < +oo. (5.1) 




rv2 W'{U E ) 

e\7 z u £ v Ue ® v Us 

£ 

Then there exists a (not relabelled) subsequence such that 

Jim(Vl,Rl e ) = (V,0) (5.2) 

as measures function pairs on G2(Q) with values in M. 3 , where the varifold V is 
defined in Theorem \3.1\ (B). 



Proof. Since = tr(eV 2 u e — \W (u £ )v Ue ® v Ue ), we have 



- / (fu e ) 2 dx< 3 - 

£ Jo £ 



^2 W'fUe) 
£V U £ V Ur ® U u 



2 

dx. 
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Hence, by (15. we can apply Theorem 13. 1[ and select a (not relabelled) subse- 
quence such that Vu e — * V as e — > + in the sense of varifolds, with V = v(M,0) £ 
IV2(0). Since on {Vu £ ^ 0} we have 



elVuJ 2 



(5.3) 



we conclude that 



co 



e Vu e 



\B 



e |2 



which is uniformly bounded with respect to e in view of (|5.1[) . By Theorem lA.4l (i), 
we can select a further (not relabelled) subsequence such that (V^f , i?^ ) converge 
weakly as measure-function pairs on G^fi) with values in R 3 to (V, R), for a certain 
R £ L 2 (V,R 3 ). In order to prove we closely follow [H page 10]. Let </> € C£(fi) 
and Ri (resp. R E U J be the i-th component of i? (resp. of R e Uc ). By (|3.1[) we have 

c J Ri{x,S)<t>{x)dV{x,S) = £ Um / Rl eji 4>dHl s = - Km J d^d^ = 0, (5.4) 



where in the two last equalities we used (|5.3p . (]2 . 1 7[) and (|3. 1 [) respectively. 
From using that V^f V = v(M, 0) € IV 2 (fi) as varifolds, it follows 



R l {x,S)<p{x)dV{x,S) = = / R l {x,T x M)(j){x)e{x)d'H z {x). 

M 



This implies that R(x,T x M) = for = 6»H 2 LM-a.e. at, and ([521) follows. □ 



Remark 5.2. We need to consider R^ as a function on G2(f2) and not just on f2 
because R e u appears in the "e-formulation" of (|B.1[) (see (|5.12p ~). which characterizes 
Hutchinson's curvature varifolds via an "integration by parts" formula involving test 
functions in C C 1 (G 2 («)). 

The following lemma shows that if (|5.1|) holds then the varifold V limit of the 
V^ e is a curvature varifold with generalized second fundamental form in L 2 . 

Lemma 5.3. Suppose that (15. ip holds. Then 

sup / |B U , | 2 dV Ue < +oo. (5.5) 

0<e<l J 

Moreover the varifold V in Lemma \ 5.1\ is a curvature varifold with generalized 
second fundamental form By in L 2 and, up to a subsequence, 

lim(V Ue ,A u *) = (V,A v ), (5.6) 

£— *0 + 

lim(K e ,B u J = (V,By), (5.7) 

e^0+ 

as measure-function pairs on G 2 (fi) with values in R 3 . 
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Proof. From the definitions of B Ue and B^ e given in (|2.20|) and (12.251) respectively, 
we have 

-i 2 



3 

= E 



(P tt£ ) T V 2 u E P u « 





2 







|Vu e 



(P U =) J V 2 M £ P^ 



(5.8) 



(P^) T eV 2 u £ - ±W'{u e )Vu e <g> Vue/IVitel^ 



e |2 



< IP: 



where in the last inequality we use (|2.2p . Integrating (|5.8p with respect to dV Ue 
(see (p?~2"2"j) and and using (fSTTj) . we conclude that (j53]) holds. Notice that 

by (|5.1[) the conclusions of Theorem 13 . 1 1 hold . 
By (j2~2l) and (fSTTj) we obtain also 

sup / \A u -\ 2 dV Us < +oo. 

0<£<1 J 

This latter estimate together with sup 0<£<1 \i e u (Q) < +oo, enables us to apply 
Theorem I A . 41 and conclude that, passing to a subsequence, there is A £ L 2 (V, R 33 ) 
such that 

lim {V Ue ,A u °) = (V,A) (5.9) 

as measure-function pairs on G2(Q) with values on P 33 . 

Now we want to prove that actually A(x, S) verifies equation (|B.1[) and hence 
that V is a curvature varifold with generalized second fundamental form in L 2 , and 
A = A v . In doing this we closely follow [43J, Proposition 2]. 

Fix 1 < i < 3 and <\> £ C^.(fl). Multiply equation (|2.24|) by <j)diU E . Integrating 
by parts we firstly obtain 



Q 

Hence 



||Vw e | 2 5i0 - ediUzdjUedj^ + W ^ E ^ di 



dx= [ fl 



di.u F dx. 



[{di<j)- {v Ue )i{vu c )jdj4>) e|Vu e | 2 + dx = / fl e ^d l u e dx 



(5.10) 
(5.11) 



Let now tp £ C*(n x K 3x3 ), a > 0, and define ^ £ C£(Q) by 

V« £ (i) <8> Vw £ (x) 



^(x) := x,Id 



o- 2 + |Vu e (x)| 2 

Using tp' 7 in place of (j> in (|5.11[) and letting a — ► + we obtain 



= / ydi&dx. 



iv 3 



(5.12) 



In (|5.12| the integration is only on the subset of f2 where Vu £ ^ 0, the function 
is evaluated at (x, Id — i/ Ue (x) ® (x)), and D m ip is the derivative of ip(x, •) with 



16 



GIOVANNI BELLETTINI AND LUCA MUGNAI 



respect to its Ik-entry variable. Next we notice that, by the definition of and 
A u ? in (HHD we have 



dVu-l |Vu £ 



=div 



di- 



i 



eV 2 w £ Vu e • Vu E - e _1 W'(tt e )|Vit e 



e|Vw e | 2 
--A%{x,P u «)~\- 



e\Vu £ 



|Vw £ | 2 



c^ e (5.13) 



Inserting (|5.13|) into (|5.12|) , and recalling the definition of V£ , A Ue and R e u given 
in (|2.22p . (|2.2ip and (I2.18P respectively, we have that equality (|5 . 1 2|) becomes 



(Sijdw + A% k D mjlt <p- A%<p) dVl (x, S) 
(RUx,S) S)M^S)dVl(x,S), 



where <p on the left hand side is evaluated at (x, S). Passing to the limit as e — * + , 
by the convergence of {V^ } to V, (|5.9p and Lemma IBTTl we get 



Sijdjtp + A ijk D mjk ip - Ajijip) dV(x, S) = 0, 



that is V is a curvature varifold with generalized second fundamental form in L 2 , 
and A v = A. 

In order to get (|5.7[) we proceed as follows. Let V — v(A4, 6). We define 



P u - : G 2 (fi) 
W:G 2 (n) - 



R 3x3 

p3x3 



(x,S)^P u °(x), 
(x,S)^P M (x), 



where P M (x) is the orthogonal projection matrix of M 3 onto the tangent plane 
T X M e G 2 ,3 to M at x (recall that T X M is well defined H 2 L .M-almost everywhere 
by the 2-rectifiability of M, see [T|). By Remark lB.2l we have that the convergence 
of V£ e to V as varifolds implies that {V^ e ,P^) -> (V,? 7 ) as e -> 0+ in the L 2 - 
strong convergence as measure-function pairs on 

G 2 (fi) with values in R 3x3 . Hence, 
by (|2.5[) and Lemma [A. 61 we obtain (|5.7p . □ 

Note that the left hand side of (|5. 10[) can also be written as J n T^dj<j> dx, 
where T^P is the so-called energy-momentum tensor, defined as T* J := 
(||Vu| 2 -I- \W{u)) S zj - ed % udju. 

5.1. Proof of (|4.2p . From the definition of W e in (| 1 . T[) we have 

2 



<fV e (u e ) 



2e 



n2 W'ftie) 
eV M e I/ Ue <g> 



2e 



(fLY dx. 



(5.14) 



From (fl~4"]) . (TT75]) and (j5~Ll|) it follows that (fSTTj) holds. Hence by Lemma IQl we 
can conclude that V is a curvature varifold with generalized second fundamental 
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form By in L 2 , and Ay € L 2 (/iy) and also that (|4.1|) is verified. In order to prove 
the r — liminf inequality (|4.2|) we observe that, by ()5.8|) . we have 



<W e {u e ) > 



=c 



(5.15) 



By (j5~T5)) . (|5?71) . and Theorem [PI we have 



liminf •W E {u e ) >Cq liminf 

£^0 + £^0 + ./ 2 



x G 



B„J 2 dK £ + Hminf 



>c 



Hyl 2 



(|Hv 



£^0 + 

y 



By' 2 ^ 



which proves ()4.2 



dV, 



6. Proofs of Theorem 14.21 and of Corollary 14.31 

X 3 . The case of a bounded can be 



We prove Theorem 14.21 in the case f2 
proved almost in the same way. 

We will construct a sequence {u £ } C H 2 (M. 3 ) satisfying the thesis. To conclude 
the proof it is enough to mollify each u e and use a standard diagonal argument to 
obtain a new sequence {u E } C C 2 (R 3 ) still satisfying (TO)) , (TO)) , (|4~5|) . 

We consider it e G i? 2 (R 3 ) as in [5]. Let d(-) be the signed distance function from 
dE, as defined in Proposition 12. 31 and let 7(5) :— tanh(s). For any < e < 1 and 
s 6 R, let 7 e (s) := l{s/e) and 7 e be defined as follows: % := j e in (0,e|loge|), 
7 £ := p e in (e| loge|, s°), % := +1 in (s°, +00), and7 £ (s) := -7 s (-s) if s < 0. Here, 
p e is an arc of parabola on (e| loge|, s°) connecting the points (e| loge|,7 e (£| loge|)) 
and (s°, 1), that is p £ (s) ■= —a £ (s — s°) 2 + 1, a e > 0. To find o e and s°, we impose 
the condition "j e € H 2 (R), that gives = e + e 3 + e| loge| and a e = ( 1+ 2 ^3 . 

We define 

u e (x) :=y e (d(x)). (6.1) 

Then (|4.3[) and (|4.4[) follow directly from [5] , and it remains to prove only (|4.5[) . 
To this aim we notice that, since V 2 u E = 7^(d)V 2 d + 7"(d)Vd eg) Vd, we have 

- in C/ e := {-e| loge| < d(x) < s\ loge|} 



Bl_ = 



7'(d/e)V 2 d + e- 1 (j"(d/e) - W'(j(d/e)j) Vd <g) Vd 



h'(d/e)\ 



= V 2 d, 



(6.2) 



ff" = Ad: 



(6.3) 



in V e :={e|loge| < |d(a:)| < s° e } 
1 



V 2 d-f 
Ad + 



1 

ep'e(d) 



W(p e (d)) 



(6.4) 
(6.5) 
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Let us now derive some estimates in V e . Let x G V £ ; then 1 > u £ (x) > p e (s\ log e|) = 

2e 2 16e 2 
1 - -. Hence \W'{u e {x))\ = \Au e (x){l - u e {x)){l + u e (x))\ < - -, so that 



1 + e 2 ' 

£- x W (u s ) = 0(e). Moreover ep'^(d) = 0{e), so that 

-srf M+ S =0(e ). 



l + £ 2 



(6.6) 



Moreover since £|p^(s)| 2 = 8g ( s ^^^{j 108 ^- 1 , making the change of variable a = 
s — e\ loge|, it follows 

re+e 3 +e\ loge| •>•> - /•-' + -' 

e\p' e (s)\ 2 ds 



(l+e 2 )« 

(T+^) 6 7o 



(r-e-e^) 2 dr = 0(e 4 ), (6.7) 



as e — * + 

By [5] it follows that 



Eventually we have 



lim <K E (u e ) = lim 



= lim 

o+ 

1 



lim X e (u e )=Co [ (H dE ) 2 dH 2 . 

£-0+ Jg E 

dct([B e Uc } lJ )e\Vu £ \ 2 dx + 

s l<i<J<J 

im + | / E det([V 2 d] y )i| 7 '(d/£)| 2 ^ 

I ^ l<i<,<3 6 



(6.8) 



(ff £ J 2 -|B £ ' 2 



• elVuA dx 



+ 



2s 
1 

27 7 V , 



e^Ad + £j?"(ci) 



W"(p e (d)) 



ep' E V 2 d+ (ep'^d)- 



W'(p e (d)) 



dx 



E det([V 2 d]y)JlY(^)| 2 ^ + 0( £ ) 



i<j<i<3 
=c / K 9E dU 2 , 

IdE 



(6.9) 
we 



where in the last equality we use Proposition 12.31 Hence, by (|6.8|) and 
deduce that (|4.5p holds. 

6.1. Proof of Corollary 14.31 If E has smooth boundary in f2, as in the proof of 
Theorem 13.21 we can use the locality of the generalized second fundamental form 
for Hutchinson's curvature varifolds (see [31]) together with 

coH 2 \—dE < fi = coMv as Radon measures, 

to conclude that 



Co 



flHv 



12 , X G 



^(|H V | 2 -|By| 2 ) ^ > C0 ^Hel(i?). 



The thesis is then a direct consequence of Theorems 14.11 14.21 and 13.21 
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7. Proof of Theorem 14.41 

Firstly we notice that we can assume (up to selecting a subsequence) that V^f 
converge as varifolds to the curvature varifold V £ IV2(f2) and that (|4.1[) holds. 
Moreover, since V^'^Gj^fi)) = /x„ s (fi), by (|1.8|) . we can extract a further subse- 
quence such that V®f converge as Radon measures to a Radon measure V° on 
GS^fi), and also that q$V° = V (notice that for the moment V° is rectifiable but 
not necessarily integral). Eventually, without loss of generality, we can also assume 
that 

lim inf W e (u e ) = lim •w £ lu £ ) < +00. 

The present section is organized as follows. We firstly prove Lemma 17.11 from 
which Theorem 14.41 (B) follows. Then, in Proposition 17.31 we conclude the proof of 
Theorem O (A) showing that V° G IV^(O). 

Lemma 7.1. Let u £ G C 2 (U) be such that (|5.ip holds and liminf £ ^ + /x„ s (f2) > 0. 
Suppose V° is such that lim e ^ + V^ £ = V° as oriented varifolds. Then there exists 
a (not relabelled) subsequence of {u e } such that for ^-almost every s £ [—1, 1] we 
have 

lim v ({u e = s},*i/ Ue ,e\Vu £ \) = lim v \{u E = s}. *v Ue , y / 2W(s) ) 
s^0+ s^0+ V / (7.1) 

= ^2W{s)V° 
as oriented varifolds on Q. 

Remark 7.2. When liminf £ ^ 0+ ^ (f2) > 0, by [U Lemma 4.4] (see also [351 
Proposition 3.4]) we can conclude that, up to a subsequence, {u e = s} =^ for 
every s £ (—1, 1). 

Proof. Let us firstly remark that on one hand for ip £ G°(f2 x S 2 ) we can define 
ip* G G c °(G°(ft)) as ip*(x, t) := ip(x, v T ). On the other hand for (j> G G c °(G°(ft)) we 
can define (/>+ € G° (fi x S 2 ) as </>*(£, £) := 4>(x, *£). This means that the convergence 
as oriented varifolds of v({it e = s},*i/ Ue ,l) is equivalent to the convergence of 
H 2 \—{u e = s} (g) 5 Vue as measures on 51 x S 2 . Moreover for a given ip £ C^(il x 8 2 ) 
we can find ?/> £ C^(Q x R 3 ) such that ip(x,£,) — i/j(x,£) for every £ e S 2 , and 

IIV'lU^CnxR 3 ) < 1^||l<»(!!xS 2 )- 

Let i/i € C^fi x § 2 ) and define gf : R — > [0, +00) as in the statement, i.e., 
ff^(«):= / 4>(y,v u M)e\Vu e (y)\dH 2 (y). 

J{u € =s} 

We extend ^ to a function of class G*(fi x £?), where B := {£ £ R 3 : ~ < |£| < 2}, 
and we still denote by -0 = i>( x i£) such an extension. Fixed (5 € (0,1/2] we set 
I s := [-1 + S, 1 - $]. Let 77 G C^°(I S ). For fixed e > and <r ^ 0, we define 
V> ff G C£(fi x R 3 ) as 

Vu e (aQ \ 
' a 2 + \Vu £ (x)\J ' 



^""(x) := 
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so that, since ip £ C^(fl x B), we obtain ijf = on {Vu £ = 0}. We then have, 
using the coarea formula, 



rj'gf ds= / eri\u e )il) a \Vu £ \ 2 dx= / £^V{r,{u £ )) ■ Vu £ dx 
: Jn Jn 

= — I e%lj' y r](u e )Au e dx — I er](u £ )\7ip' J ■ Vu £ dx. 
Jn Jn 



Letting a — > we obtain 



rj'gf ds = — / erj(u £ ) ipAu £ dx 
Jn e 



(7.2) 



er]{u e )Vip ■ Vu e dx - I erj(u £ )D^ip(x, Vu E )dk{v u ")jd k u £ dx, 



where fi £ :=fin {Vu £ ^ 0}. 

Adding and subtracting the term j n Tj(u E )if) W dx, observing that the last 
addendum on the right hand side of (|7.2|) can be written as 



dx, 



v(u £ )D^(x,iy Us )P u ^£V 2 u £ ^ 

V U £ 



and since P Ue is U£ & v Ue = 0, from (|7.2I) we obtain 

/ ^ ds = [ r,(u s )i> (sAu £ + 
Jr Jn E V £ 



dx — I er)(u £ )'Vip ■ Vu e cZx 

v *®^))w£\ dx (7 - 3) 



Since for every t £ 7^ we have |W'(t)| = |t(l — < 2 )| < W(*)> we can conclude 



that 



'at ds 



V 9. 



<\\v\\L~(i s )\\'ip\\L<~{nx&)\\.fu e \\LHn) 

+ £ 1/2 hllL-(/,)l|V^|| L ~ (f2xS 2 ) ( / e\Vu £ \ 2 dx 



+ II^IIl-(/,)I|£>c^IU~(oxs2) 



1/2 



rv2 ^'(« £ ) 
£V U £ V u (g) l/„ 



dx 



+ IMU^/^ll^llL^nxS 2 ) 



4(1 - 5) f W{u £ ) 



dx. 



From this inequality we can deduce that there exists gV £ BV\ oc ([~ 1, 1]) such 
that gf — ► g^ in Ll oc ([—l, 1]) and /^-almost everywhere in [—1,1]. 

Next, for any fixed ip £ C*(f2), we consider the functions gf : K — > [0, +oo) 
defined as 

( S ) := v/^R / Vfo, *V (!/)) dW 2 fa), 

J{it e =s} 

and we claim that as e — > + the sequence {gf} converges in ([— 1, 1]) and 
/^-almost everywhere to g^ . In order to prove the claim, let 5 > 0. By ()3.2() we 
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have 



lim 

e^0+ jr 



= lim 



9? -9* 



ds < lim 

£^0 + 



/ gf-gf ds+ [ \gf-g*\d8 
JIs J h 



Is 



{u s =s} 



^(y f 2W(s)-e\Vu e \)dW 



ds + 0(e) 



< lim 

s->0+ Jl e J{u E =s} 



rl>{y/2W(s) - e\Vu e \) 



dW ds 



<2M 



L=°(nxs 2 ) 



lim 



<^ 0+ Jnn{u e £i s } 
<2||'0IU«>(OxS2) lim 



W(u E ) 



-|Vu e | dx 



W{u e ) fe 



|Vu e 



L =o (nx s2) lim / \H \dx = 0, 



||V. E | + ^^ )d X 



which shows the claim. Since on Is we have yj (25 — 5 2 )/2 < \/2W(s) < y/2, we 
can also conclude that the sequence of functions 



hi 



[0,+oc), ht(s) 



9t(s) 



V 2W ( s ) hu.=s} 

is equibounded in L\ oc ([— 1, 1]) and converges in L 1 1 oc ([— 1, 1]) to 



i>(y,v Ue (y))dH 2 (y), 



hi = 



'2W 



(7.4) 



Next we refine formula (|7.2p . by proving that, for every 6 > 0, every -0 € Ce(fi) 
and 77 G C^(Is), we have 



lim n'gf ds = J i r '(^ v/ 2W 7 ) ^ ds 



(7.5) 



To this aim we start noticing that 



f w 

/ l{Ue)lp 



^-^■da:- / vii'c)-'!'— — 



<H 7 ?IU~(/ 5 )IIV'l|L-(f2xS 2 ) 



y/2W(u e ) 
\W'(u £ )\ 



nn{ue£i s } e 1 / 2 y/W(u e ) 



W(u £ ) 



dx 



4(1 - 5) ( f W(u £ ) , 
<IMU~(/*)lml-£/»(fixS 2 ) ~ 5 I y — - — aa; 



1/2 



W> £ ) fe 



\Vu e 
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which, by (|3.ip . vanishes as e — > + . Then, by the Z^Zs) convergence of hf, the 
coarea formula and the Lebesgue's Dominated Convergence theorem, we have 



lim 

e^0+ 



r)(u £ )ip — — dx = lim 



nn{u e £i s } y / 2W{u E ) 



Vw e I da; 



2W 1 ^ ds. 



(is 

In order to obtain (|7.5p it is then enough to plug the following estimates in (17. 3[) : 



/ 



V{Ue)lpfL dx 



<£ 1/2 hlU~(/,)IIV'l|L^(OxS 2 )V^ 7 Mll^ 1 /^l|L 2 (^), 



er](u £ )Vip ■ Vu e dx 



< e 1/2 ||77|| L =c (/4) ||V^|| L » ( nx S 2)A/>C n (n) ( / elVu^dz 

wo 



1/2 



and 



r}{u s )D^(x,v Ue ) P 



W'{u e ) 



■ dx 



< 



l 7 ?llL~(/ a )||£ , cV'l|L-(axS2)e 1/2 ||BSJ|L2(^ ). 



We are now in a position to prove that the distributional derivative of the func- 
tion in (J71J) is zero in Ig. In fact by l|7.5p . the definition of hf and Lebesgue's 
Dominated Convergence Theorem we have 



n 



fZWh^ ds = lim 



Is 



6^0+ 



9 



ids 



Is 



that is, for every r\ € C%°(Is) we have 

d 



ds 



ds = 0. 



— vW) /i* ds, 
ds 



(7.6) 



since > sj 2 ^ on Zj, from (JTSJ) we can conclude that the distributional 

derivative of ft.* 1 is zero in Is. This means that there exists a real number (3{tji) such 
that 



h^(s) = [3{ip), for - a.e. s € I s . 



(7.7) 



Let Q' CC and select {V>;} C C^ftxS 2 ) such that {^} is dense in C°(fi'xS 2 ). 
Fix ipi, and choose 775 e C£°([— 1, 1]) such that < 775 < 1 on [—1, 1], rjs = 1 on 
7,5/2- Before proceeding any further, let us recall that, by [33 Proposition 3.4] (see 
also [TBI Lemma 4.4]) there exists So > independent of e, such that if S < So 

rf le (nn{\u E \>i-5})<cs, 

where C depends on O', but not on e. 
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We then have 



[ mV2W(3(^i)ds= [ mVzW lim hf ds = lim [ mgf* ds 

J -l J -I e^0+ e-0+./_i 

= lim / i; lV / 2W(u e )\S7u E \dx 
£ ^ 0+ Jnn{|u e |<i-|} 



m{u e )ipi^JW {u e )\Vu e \ dx 

nn{l-f<|u e |<l-<5} 



ll)i£y/2W(u s )\Vu E \dx- / 1piy/W(u E )\Vu e \dx 

nn{|u e |>i-f } Jnn{|M e |>i-|} 



V2WdsV (7pi) + 0(5) = / mV2WV°(^) ds 
1 J-i 

-1+1 , /•! , \ 

(1 - r] S )V2Wds + J (1 - T^vWds 1 V°(^) + 0(5) 

l 

7 ?<5 v / 2W :F y (V' 4 )ds + O(5). 

-1 

Sending 5 — > + we obtain 

"i , /■! , 

vWds /3(^) = / vWds V°(^i). (7.8) 
-l J-i 

Repeating the same argument for every ipi, by the density of {ipi} in C°(Cl' x § 2 ) 
and (|7.8p we deduce that /3 = V° as measures on Ga(n'). □ 

Let ip G Cc(^ x ^ 2 )- F rom the estimates on (d/ds)gf obtained in the proof of 
Lemma [7.11 we can conclude that gf — > g - ^ strongly in W loc ((—1,1)) as e — > + . 
The proof of Theorem 14.4K B) is complete. 

We are now in a position to conclude the proof of Theorem 14.41 (A) . 

Proposition 7.3. There exists a (not relabelled) subsequence {V®' e } converging, 
as oriented varifolds, to V° = v(M,T, 61,62) G TV%(Cl), with qjV = V. 

Proof. As we already noticed at the beginning of the present section, by (|1.8[) , we 
can extract a subsequence such that V® ,£ converge as Radon measures to a Radon 
measure V° on G^iCl), and also that c^V = V. Hence, in order to conclude it 
remains to show that V° G IVS^Sl). To this aim we will make use of Lemma [7. II 

Fix CI' CC CI with smooth boundary. By Sard's Lemma and Lemma |7. II we can 
find a subsequence {Y^f k }k an d a subset J C [—1,1], with C 1 (J) = 0, such that 
for every s G [— 1, 1] \ J, 

{u £k = s} is a smooth embedded surface and {u ek = s} n {V?i et = 0} = 0, 
dM{u ek =s},*v Uek ,l)l(Cl>)=0, 
lira v({u £k = s},*v Uf , 1) = V as oriented varifolds on Q! . 

k— >oo k 
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Next we fix 5 > and set Is := [— 1 + 6, 1 — 6]. Since we have 

div (zv fc ) 



<- 



h\J 
1 



<- 



(25-S 2 ) 
2 



Sv{{u £k = s},*v Uci , 1) (tt')ds 
div I v,. 



y/2W(u £k )\Vu £k \dx< 



h\J J{u Sk =s}nn> 
2 



dH 2 ds 



IB, 



dK k e 



1/2 



KM 



1/2 



/ \B u Jy/2W(u Ek )\Vi 



1/2 



: (2*-<P) \J a > 

by the choice of the the set J and (|5.1|) , we can conclude that there exists 
s = s £k E I$\ J such that 



lim sup 

k — >oc 



fo({u £k = s £k },*v Ue ,1) (ft') < +c 



The thesis is then a direct consequence of the properties of {u £k — s £k } for s E Is\J 
and Theorem EU □ 



8. Proof of Proposition 14.61 

As in Section [3 by (|1.8|) we deduce that (|5.1|) holds. Hence we can apply 
Theorem 13.11 and conclude that, up to selecting a further subsequence, (|3.1[) holds. 
In addition, the densities of the discrepany measures are uniformly bounded in 
L 1 (S1), and we have 

W'(u £ 



I |V£.| dx= [ 



eV u £ X7u £ 



{v« e #o} 



1 



2 W'(u £ ) Vu e <g> Vu £ 
ev u s 



dx 
dx 



<3*/ 4 - 



=3 1/4 (jT|B=J a d^y /2 [%.(«)] 



|Vu e | 2 

I 1/2 



1/2 



dx 



{KM) 



1/2 



< c, 



where C is a positive constant independent of e. 

By the compactness theorem in BV (see pQ) and Theorem 13.11 we can select a 
further subsequence such that £J e — 1 weakly in BV(fl) as e — > + . Moreover 
(14. 9[) holds by Rcllich-Kondrachov compactness theorem (see pQ). 

9. Final Comments 

9.1. Relaxing the constraints on Kb, xq. As already stated in Remark 13-31 
Theorem l3.2l still holds when replacing (|1.4p with the more general constraint — 2 < 
XG/^b < 0. Although we cannot prove Theorem l4. II fand hence Corollary |4.3p when 
— 2 < xc/xb < 0, we can relax condition f| 1 .4|) to 



x G <0 < -x b + kg- 
In fact, in this case we can still derive (|5.ip using the inequality 



(9.1) 



{fir = mk)) < w 
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Hence, in particular, Theorem 14.11 holds for Xb = —xg = 1, which gives the usual 
isotropic bending energy 



W Hel (E) = l [ \B aE \ 2 dH 2 , 
1 JnndE 



nndE 
, W'(u) 



eV u v u (g) z/ 

£ 



dx. 



9.2. Full T-convergence and convergence of constrained minimizers. 

Corollary 14. 31 shows that the r-limit with respect to the i 1 -topology of W £ is given 
by "Wiiei on smooth points. However, since T-limits are always lower semicontinuous, 
the natural candidate for a full L-convergence result is the L 1 -lower semicontinuous 
envelope Wriei of WhcI defined by 

<14>-h c i(E) := inf { liminf W He i(^) : E h C fi bounded with dE h G C 2 , 

I h — >oo 

lim XE h = Xe in L 1 ^)}. 



Let us recall some facts about WhoI (see for example [IB]). Define 

V := \w E IV 2 (Q) : W = lim v(dE h , 1), C Q bounded with aE h G C 2 , 

sup/ [l + |B a£ J 2 ] cW 2 < 
henJnndE h J 

and 

■4(.E) := \w &V: W = lim v(<9 J B /l , 1), E h C ft bounded with dE h e C 2 , 

lim Xfift = m L 1 ^)}. 

n — >oo J 

Eventually, we recall that if W G 2? then W € .A(-Evy) where is an open, 
bounded subset with finite perimeter in fl, such that the essential boundary of E 
coincides with the set of points of odd 2-density with respect to nw- 
From [TBI Corollary 5.4], we obtain 



rt He i(E) = mm{n? Hd (V) : V G A(E)}. 

Hence, if we would be able to prove that V = lim e ^ + V£ G A(E), by (|4.2|) we 
would have 



lim inf W e (u £ ) > c ^ H el(^) > c n' Hcl (E), 



which, together with WHei(-E) = ^Hci(E) for E C ft bounded with boundary of 
class C 2 , would imply that r(L 1 (fi)) — lim e _ +0 + = ^Hci- Although Theorem 
14.41 (6) seems to represent a signicative step in this direction, in order to prove 
that V G A(E) we miss an estimate similar to the one proved in [43l Lemma 2], 
[44l Theorem 1]. Actually, we are able to prove that V G A(E) under the stronger 
assumption 

sup W e (u e ) < +oo, (9.2) 

0<£<1 

W £ (u e ) := W £ (u e ) + f \Bl\ 2 ^±dx. 
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Indeed, assuming that (19. 2| holds, we have 

sup / / |B{ ne=s j \ 2 dH 2 ds < Cq 1 sup r W £ (u £ ) < +00, 

0<£<1 J-l J{u c =s} ' 0<£<1 

which, by Lemma l7.ll gives V G A(E). Moreover, this means that we can conclude 
that chosen u £ so that 

W £ (u e ) = min { W £ (u) : <P £ (u) = Ai, / — ^ dx = A; 



we have, up to a subsequence, 

VI —* V (zD, u £ ^u = 2 X e-1 as e -> 0+, 

where 

- y solves 

min {w Hcl (V) :VeV, fi v (n) = A x , £ 3 (ft n £y) = A 2 } 
■ Ecfl solves 

min (wn e i(E) : VW G .A(.E) we have /ivK fi ) = Ai, £ 3 (f7 n B) = A 2 | . 

- 'WHel(V') = WHel(-B). 

9.3. The case of non-zero spontaneous curvature. As we already remarked 
in the introduction, when H =/= the functional 



(H dE - Hq) dH 2 (9.3) 

idEna. 

not only depends on the surface dE but also on the orientation of dE. Moreover 
such a functional is not lower semicontinuous with respect to the varifolds conver- 
gence. In fact, as an example due to Karsten Grofie-Brauckmann shows (see |28| . 
[29] and [39]), there exists a sequence {Eh}h of smooth sets in f2 := B(0, 1), such 
that for every h G N the surface dEh has constant (scalar) mean curvature equal 
to 1, and at the same time the sequence of varifolds v(dEh, 1) converges to the 
varifold v((e3) ± ,2) in ft. Hence, assuming Hq = 1, we have 

= lim / (H dEh - H ) 2 dH 2 < 2tt = 2 / {H f dH 2 . 

However if we consider the complete Helfrich's energy 

«W(^)= / ^-(Hqe- H Y + K G K gi 
JnndE L 1 K 7 

and assume (as in the case of zero spontaneous curvature) that —2 < x^/ xq < 0, 
the results of 16] still apply and Theorem 13.21 holds also in this case. More- 
over the functional is lower semicontinuous with repect to the convergence of the 
oriented varifolds and, whenever sup fcEN w'HelC-E'fc) < +00, the oriented varifolds 
~v(dEh, ~kvo E h , 1) converge (up to a subsequence) to an oriented curvature varifold 
V° G rV§(fi) in the sense of [15]. 

Possible diffuse-interface approximating functionals for (|9 . 3[) are 



dH 2 , (9.4) 



- J (ft - H e\Vu\) dx, - J [fl - H ^2W{uj) dx, (9.5) 
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the latter being the one proposed in [18] . Consequently a natural candidate for the 
diffuse-interface approximation of (|9.4| is 

W £ {u) := y# e (lt) + x G Xs{u), 

where ft e {u) is given by one of the two expressions in (|9.5p . If (|1.4|) is satisfied, by 
a direct calculation we can show that (|5.1[) holds as soon as 

sup (jt£ (fi) + We(u e )) < +00. 

0<£<1 V ' 

Hence we can conclude that also Lemma l5.f l and Lemma 15.31 apply and, with minor 
modifications to the arguments of Sections [7HH1 we can prove that Theorem l4.4l and 
Proposition 14. 61 hold also for W e . Moreover we can use the same sequence {u e } £ C 
C 2 (il) constructed in Section [6] to show that also an analog of Theorem 14.21 holds 
for <w e . However, in order to prove that the lower bound estimate corresponding 
to (|4.2p holds, we should prove that 

lim f V££ e • v Ue dx = 0. (9.6) 

e ^ 0+ Jn 

Unfortunately we are not able to prove (|9.6|) unless additional hypothesis are made 
on u e (for example if — > 2co|Vx,e|, then (|Q . 6[) follows from (|5.2[) . Theorem 14.41 
and Lemma fA.6|l . However, a possible strategy to obtain (|9.6p might be trying to 
use Proposition 14.61 on each of the "well-separated transition layers" that can be 
obtained via an appropriate blow-up procedure (see [38| Proposition 5.3]), and then 
conclude via a covering argument. 



Appendix A. Measure-function pairs 

Let D C M 1 ; we say that (//,/) is a measure-function pair over D with values 
in M. m , if /i is a positive Radon measure on D, f : D — ► M m is defined /i-almost 
everywhere and / £ L\ oc (n). 

Let us recall the definition of measure- function pairs convergence (see [30 ) 

Definition A.l. Let (/ife,/k), (/i, /) be measure-function pairs on D with values 
in W" 1 for every k £ N. We say that (//&, fk) converge weakly to (fi, f) as measure- 
function pairs as k — > 00 if 

Urn J f k -Y d^ k = J f-Ydn VF e C C °(A M m ). 

Definition A. 2. We say that a function F : W" 1 — > [0, +00) is a standard integrand 
provided F is strictly convex on R m , and 

g(\q\)<F(q) VgeR" 1 , 

where g G C ([0, +00)) is non-negative, increasing and g(t) — > +00 as i — > +00. 

Definition A. 3. Lei (nk,fk) o.nd (/i, /) 6e measure-function pairs over D with 
values on R m . Suppose fik fJ> o,s k — * 00 as Radon measures. We say that 
il^k, fk) converge to (/z, /) m t/ie F-strong sense in D if 

(i) / ^(/fc) ^A*fc < +00 /or every fc <G N; 
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(ii) setting D k j :— {y £ D : \fk(y)\ > j} we have 

lim / F(/ fe )d/i fe = 0, 

k — >oc / n 

uniformly in k € N; 

(iii) for every ip £ C®(D x ]R m ) we have 



We say that a sequence of measure-function pairs converges L p -strongly (p £ 
[l,oo)) if it converges strongly in the F p -sense, with F p (q) := \q\ p . 
The following result has been proved in [301 Theorem 4.4.2]. 

Theorem A. 4. Let (jJ*ki fk)k&i be measure-function pairs over D with values in 
W 71 . Suppose that fi is a Radon measure on D and fik fi in D as k — > 00. Let 
F : R m — * [0, +00) be a standard integrand. The following assertions hold. 

(i) V 

sup / F{f k )dHk < +00, (A.l) 
ken J 

then there exists f £ Lj oc (/i) and a (not relabelled) subsequence {(/J>k, fk)} 
such that 

lim(^,/ fc ) = (/i,/), (A.2) 

k — >oc 

weakly as measure- function pairs on D with values on K m . 

(ii) If {(/i fc , f k )} and (fij) satisfy jATj, {OJl, then 

J F(f) dfx < liniinf J F{f k ) dfi k . (A.3) 

Remark A. 5. We can adapt the notions and results proved until this point in 
the present Appendix to the case where D is an open subset of a smooth manifold 
embedded in R m for some m £ N. In particular, in our applications we will often 
consider D = G 2 (£l) orD = Gg(fi). 

The following lemma is a particular case of [331 Proposition 3.2]. 

Lemma A. 6. Let {nk,9k) and (/i,<?) be measure-function pairs on D with values 
in R m such that 

sup ||3fclU 2 (M fc ) < +°°' 

k&i 

and (fJ- k ,gk) weakly converge to (p-,g) as measure-function pairs. 

Moreover let (/x/^/fe), (/z, /) be measure-function pairs on D with values in R m 
such that (pk, fk) converges L 2 -strongly to (p,f). Then 

lim (fikjk -9k) = (v,f-g), 

weakly as measure-function pairs on D with values in R. 
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Appendix B. Geometric Measure Theory: varifolds 

Let us recall some basic fact in the theory of varifolds, the main bibliographic 
sources being [UJ and [3"U] . 

We call varifold (resp. oriented varifold) any positive Radon measure on Ga(fi) 
(resp. on G 2 (fl)). In this paper we are confined to surfaces, hence we use the terms 
varifold and oriented varifold to mean a 2- varifold in tt. 

If V° is an oriented varifold then the push- forward q$V° is the corresponding 
unoriented varifold associated with V° by projection onto G 2 (il). 

For any varifold (or oriented varifold) V we define \iy to be the Radon measure 
on 17 obtained by projecting V onto fi. 

Let M. be a 2-rectifiable subset of R 3 with finite 7i 2 -measure and let 9, 9i, 9 2 : 
M — > R + be 7i 2 L7W-measurable functions. Suppose r : M — ► G 23 is H 2 \—M- 
measurable and q(r(x)) = T X M. for Ti 2 L .M-almost everywhere x (r is called an 
orientation function on A4). Then we define the rectifiable (unoriented and oriented 
respectively) varifolds 

V = v{M,9), V° =v(M,T,e 1 ) + v(M,-T,e 2 ) =:v(M,t,9x,9 2 ), 

by 

V(<f>):= [ 0(x 1 T x M)9(x)dH 2 € G c °(G 2 (ft)), 

JM 

V°(fp):= f \ ( p(x,r(x))e 1 (x)+ V (x,-r(x))e 2 (x)\dn 2 V^C»(G»(0)). 

JM 1 J 

With the notation v(M, r, 9) we mean v(M, r, 9, 0). 

When 9 (resp. 61, 9 2 ) take values in N we say that V = v(A4,9) (resp. V° = 
v(M., t, 9%, 62)) is a rectifiable integer unoriented (resp. oriented) varifold and we 
write V € rV 2 (ft) (resp. V° e IV°(f2)). If V° = v(M 7 t,9 1 ,9 2 ) £ IVl}(n) the 
integral rectifiable 2-current [V ] is defined as 



[F°J(w) := / (uj(x),t(x)) (9 1 (x)-9 2 (x))dH 2 (x) Vuj € C°(fi, A 2 (R 3 )). 

As usual 9[V^°] denotes the boundary of the current fV^ ]], and |9[V^°]| is the mass 
of ldV°j (see gJJ). 

Let V be an unoriented varifold on il; we define the first variation of V as the 
linear operator 

SV : C^n.R 3 ) ->R, [ tr(SVY(x))dV(x,S). 



We say that V has bounded first variation (resp. generalized mean curvature in 
L p , p > 1) if <5F can be extended to a linear continuous operator on C°(fi, R 3 ) (resp. 
on L p (/iy,R 3 )). In this case \SV\ denotes the total variation of SV. Whenever the 
varifold V has bounded first variation we call the generalized mean curvature vector 
of V the vector field 

u dSV 
ny — ~t — j 

where the right-hand side denotes the Radon-Nikodym derivative. 

By varifold convergence (resp. oriented varifold convergence) we mean the con- 
vergence as Radon measures on G 2 (0) (resp. on G 2 (f2)). The following compact- 
ness theorem for oriented varifolds is proved in [301 Theorem 3.1]. 
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Theorem B.l. Let C > and let {Cli} be a sequence of open subsets with smooth 
boundary invading f2. The set 

{V° G IV§(n) : Vi G N, /i q »(V°)(^) + |«(q|V°)|(n<) + < C} 

is sequentially compact with respect to the oriented varifolds convergence. 

Remark B.2. Let {V^} be a sequence of varifolds converging to a varifold V, and 
suppose that there exist fiy h -measurable maps S, and a /iy-measurable map S. 
such that 



= J ^(x,s^d^ Vh (x) v* e c v c (G 2 (nj), VfteN 



Then it can be checked that the measure function pair (nv h :S h ) converge L p - 
strongly to (/zy , S. ) as measure function pairs on Q with values in G2 (O) , for every 

pe (l,+oc). 

Following |30j we define the notion of Hutchinson's curvature varifold with gen- 
eralized second fundamental form. 

Definition B.3. Let V G IV2(f2). We say that V is a curvature varifold with 
generalized second fundamental form in L 2 , if there exists A v = AYj k G L 2 (V,M. 3 ) 
such that for every function (f> G C*(Cx2(ft)) and i = 1,2,3, 

{Sijdrf + AY ]k D mjk <f> + Aj ij( j>) dV(x, S) = 0, (B.l) 

G 2 (n) 

where D m . k <fi denotes the derivative of <fi(x, •) with respect to its jk-entry variable. 

Moreover we define the generalized second fundamental form By = {Bh)i<i t j t k<3 
ofV as 

B*(x,S):=S jl AY kl (x,S). (B.2) 

Remark B.4. Every curvature varifold V with generalized second fundamental 
form in L 2 has bounded first variation. Moreover 

Hv(x) = (A jl j(x,T x iJ, v ), Aj 2 j(x,T x fj, v ), Aj 3j (x,T x pv)) e L 2 (p v ,R 3 ), (B.3) 

for fiy almost every x G f2. 

Remark B.5. If V = v(£, 1), where £ is a smooth, compact surface without 
boundary, the generalized second fundamental form as well as the mean curvature 
and the tensor Ay coincide with the classical quantities defined in Section 12. 2\ 
and the same is true for the oriented varifold associated with E. Moreover the 
generalized second fundamental form and the functions AYj k verify Proposition ^. 21 

Next we give a definition of convergence for Hutchinson's curvature varifolds. 

Definition B.6. Let {Vh} be a sequence of curvature varifolds with generalized 
second fundamental form in L 2 , and let V be a curvature varifold with generalized 
second fundamental form in L 2 . We say that Vh converge as curvature varifolds to 

v if 

lim Vh — V as varifolds, 

lim (Vh-)Ay h ) = (V,Ay) as measure — function pairs. 

h— >oo 
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Remark B.7. By Rcmark lB.21 Lcmma lA.6l and the definition of generalized second 
fundamental form By h , we have that if Vh — ► V as curvature varifolds then 

(V h ,B Vh ) ^ (V,B V ) 

as measure- function pairs on G2(Q) with values in R 33 . 

As a consequence of Definition IB. 61 and Theorem IA.4I we have the following 

Proposition B.8. Let {Vh} C IV 2 (f2) be a sequence of curvature varifolds with 
generalized second fundamental form in L 2 satisfying 




Then {Vh} has a subsequence converging to V S IV 2(^) as curvature varifolds. 
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